In this paper, we study differential equations arising from the generating function of the (r, β)-Bell polynomials. We give explicit identities for the (r, β)-Bell polynomials. Finally, we find the zeros of the (r, β)-Bell equations with numerical experiments.
Introduction
The moments of the Poisson distribution are a well-known connecting tool between Bell numbers and Stirling numbers. As we know, the Bell numbers B n are those using generating function e (e t −1) = ∞ ∑ n=0 B n t n n! .
The Bell polynomials B n (λ) are this formula using the generating function
(see [1, 2] ). Observe that
where S 2 (n, i) = 1 i! ∑ i l=0 (−1) i−l ( i l )l n denotes the second kind Stirling number. The generalized Bell polynomials B n (x, λ) are these formula using the generating function:
t n n! = e xt−λ(e t −t−1) , (see [2] ).
In particular, the generalized Bell polynomials B n (x, −λ) = E λ [(Z + x − λ) n ], λ, x ∈ R, n ∈ N, where Z is a Poission random variable with parameter λ > 0 (see [1] [2] [3] ). The (r, β)-Bell polynomials G n (x, r, β) are this formula using the generating function:
Compare the coefficients in Formula (3). We can get
Similarly we also have
Recently, many mathematicians have studied the differential equations arising from the generating functions of special polynomials (see [4] [5] [6] [7] [8] ). Inspired by their work, we give a differential equations by generation of (r, β)-Bell polynomials G n (x, r, β) as follows. Let D denote differentiation with respect to t, D 2 denote differentiation twice with respect to t, and so on; that is, for positive integer N,
We find differential equations with coefficients a i (N, x, r, β), which are satisfied by
Using the coefficients of this differential equation, we give explicit identities for the (r, β)-Bell polynomials. In addition, we investigate the zeros of the (r, β)-Bell equations with numerical methods. Finally, we observe an interesting phenomena of 'scattering' of the zeros of (r, β)-Bell equations. Conjectures are also presented through numerical experiments.
Differential Equations Related to (R, β)-Bell Polynomials
Differential equations arising from the generating functions of special polynomials are studied by many authors to give explicit identities for special polynomials (see [4] [5] [6] [7] [8] ). In this section, we study differential equations arising from the generating functions of (r, β)-Bell polynomials.
Let
Then, by (4), we have
and
We prove this process by induction. Suppose that
is true for N. From (7), we get
From (8), we get
We prove that
If we compare the coefficients on both sides of (8) and (9), then we get
In addition, we get
Now, by (10), (11) and (12), we can obtain the coefficients a i (j, x, r, β) 0≤i,j≤N+1 as follows. By (12), we get a 0 (0, x, r, β) = 1.
It is not difficult to show that
Thus, by (14), we also get
From (10), we have that
For i = 1, 2, 3 in (11), we have
By induction on i, we can easily prove that, for 1 ≤ i ≤ N,
Here, we note that the matrix a i (j, x, r, β) 0≤i,j≤N+1 is given by
Now, we give explicit expressions for a i (N + 1, x, r, β) . By (18), (19), and (20), we get
By induction on i, we have
Finally, by (22), we can derive a differential equations with coefficients a i (N, x, r, β), which is satisfied by 
From (4), we have this
By using Theorem 1 and (23), we can get this equation:
Compare coefficients in (24). We get the below theorem.
Theorem 2.
For k, N = 0, 1, 2, . . . , we have
By using the coefficients of this differential equation, we give explicit identities for the (r, β)-Bell polynomials. That is, in (25) if k = 0, we have corollary. For N = 0, 1, 2, . . . , it follows that equation
In Figure 1 , we have a sketch of the surface about the solution F of this differential equation. On the left of Figure 1 , we give −3 ≤ x ≤ 3, −1 ≤ t ≤ 1, and r = 2, β = 5. On the right of Figure 1 , we give −3 ≤ x ≤ 3, −1 ≤ t ≤ 1, and r = −3, β = 2. Making N-times derivative for (4) with respect to t, we obtain
By multiplying the exponential series e xt = ∑ ∞ m=0 x m t m m! in both sides of (26) and Cauchy product,
we derive
By using the Leibniz rule and inverse relation, we obtain
So using (27) and (28), and using the coefficients of t m m! gives the below theorem. 
When we give m = 0 in (29), then we get corollary.
Corollary 2.
For N = 0, 1, 2, . . . , we have
Distribution of Zeros of the (R, β)-Bell Equations
This section aims to demonstrate the benefit of using numerical investigation to support theoretical prediction and to discover new interesting patterns of the zeros of the (r, β)-Bell equations G n (x, r, β) = 0. We investigate the zeros of the (r, β)-Bell equations G n (x, r, β) = 0 with numerical experiments. We plot the zeros of the B n (x, λ) = 0 for n = 16, r = −5, −3, 3, 5, β = 2, 3 and x ∈ C (Figure 2) .
In top-left of Figure 2 , we choose n = 16 and r = −5, β = 2. In top-right of Figure 2 , we choose n = 16 and r = −3, β = 3. In bottom-left of Figure 2 , we choose n = 16 and r = 3, β = 2 . In bottom-right of Figure 2 , we choose n = 16 and r = 5, β = 3.
Prove that G n (x, r, β), x ∈ C, has Im(x) = 0 reflection symmetry analytic complex functions (see Figure 3) . Stacks of zeros of the (r, β)-Bell equations G n (x, r, β) = 0 for 1 ≤ n ≤ 20 from a 3-D structure are presented (Figure 3 ).
On the left of Figure 3 , we choose r = −5 and β = 2. On the right of Figure 3 , we choose r = 5 and β = 2. In Figure 3 , the same color has the same degree n of (r, β)-Bell polynomials G n (x, r, β). For example, if n = 20, zeros of the (r, β)-Bell equations G n (x, r, β) = 0 is red. Plot of real zeros of G n (x, r, β) = 0 for 1 ≤ n ≤ 20 structure are presented (Figure 4 ). In Figure 4 (left), we choose r = 5 and β = −2. In Figure 4 (right), we choose r = 5 and β = 2. In Figure 4 , the same color has the same degree n of (r, β)-Bell polynomials G n (x, r, β). For example, if n = 20, real zeros of the (r, β)-Bell equations G n (x, r, β) = 0 is blue.
Next, we calculated an approximate solution satisfying G n (x, r, β) = 0, r = 5, β = 2, x ∈ R. The results are given in Table 2 .
